Abstract. We investigate general properties of number sequences which allow explicit representation in terms of products. We find that such sequences form whole families of number sequences sharing similar recursive identities. Restricting to the cosine of fractional angles, we then study the special case of the family of k-generalized Fibonacci numbers, and present general recursions and identities which link these sequences.
Introduction
It has long been known that Fibonacci and Pell numbers, defined by
(1.1) and P 0 = 0, P 1 = 1, P n = 2P n−1 + P n−2 (1.2) with n ≥ 2, respectively, can be represented in product form (e.g., see [4, 5, 1, 2, 3] ), specifically for n ≥ 2 [2] . Later, expressions of the form (1.5) were used to obtain other explicit representations of the corresponding number sequences in terms of finite power series in the sequence parameters (e.g., see [6, 7, 8, 9] ), thus highlighting the importance and usefulness of such product representations for the investigation of number sequences.
In this contribution, we will show that product representations of number sequences can also be utilised to establish direct links between different sequences. To that end, we formulate where m ∈ Z labels the individual number sequences within the family, and n the members of each sequence.
A concrete example of such a family is given if we set x n,l = −2i cos[
]. In this case, using (1.5) with q = −1 and p ∈ Z, we have 8) thus X n,p defines the family of generalized Fibonacci sequences
(1.9) We will call this family the Fibonacci family, and explore some of its properties in Section 4.
The paper is organized as follows. In Section 2, we will prove various general properties of the number sequences X n,m within a given family, with focus on linear recursive relations between the individual sequences. Two simple examples will be investigated in Section 3, and Section 4 will focus on the Fibonacci family defined in (1.8) . Some generalizations will be discussed at the end.
Product Representation of Certain Number Sequences
For any given set of numbers {x n,l }, we define
We will first express X n in terms of the associated number sequences X n,m defined in (1.7):
Lemma 2.1. For any given set of numbers {x n,l } with x n,l ∈ R, n, l ∈ N, the sum over x n,l is given by
where X n,m , m ∈ Z denotes the number sequences associated with {x n,l }.
Proof. We first construct a system of equations by explicitly factorizing (1.7) for successive m ∈ [1, n] . To that end, we define
x n,l i and obtain from (1.7) a system of linear equations in X
n . This system can be written in more compact form as
3)
What remains is to solve (2.3) for X
n ≡ X n . To that end, we note that a in = 1, ∀i ∈ [1, n], which allows us to construct a new system of n − 1 equations by subtracting successive equations in (2.3). We obtain
where
, and we can further reduce the system (2.4) by subtracting successive equations. After m repetitions, we have
n .
Changing the summation variable l → l + 1 and observing that
(Gould (1.14), [10] ), we finally arrive at (2.2).
Lemma 2.1 provides, for any given n ≥ 1, an explicit representation of the sum over x n,l , equation (2.2) , in terms of a finite linear combination of the number sequences X n,m . With this, we can immediately formulate Lemma 2.2. For any given set of numbers {x n,l } with x n,l ∈ R, n, l ∈ N and associated family of number sequences {X n,m }, m ∈ Z, the sum over x n,l obeys the identities
and, for m = 0,
Proof. We first prove (2.6). Let us define X n,m and X n for the set of numbers (m ′ + x n,l ):
for arbitrary m ′ ∈ Z. From the first equation and definition (1.7), it follows immediately that X
n,m = X n,m+m ′ and X (m ′ ) n = nm ′ + X n , which together with (2.2) yield (2.6). The second relation (2.7) can be shown in a similar fashion. We define X n,m and X n for the set of numbers x n,l /m ′ , m ′ ∈ Z, m = 0:
from which follows thatX
, we obtain (2.7).
Lemma 2.2 is interesting in various respects. It not just generalizes (2.2), but also shows that various combinations of X n,m within a given family of number sequences must yield the same result X n . This, in turn, allows us to construct general relations between X n,m , which will hold for all families of number sequences {X n,m } representable in product form (1.7), and constitute the main result of this contribution. We can formulate Proposition 2.3. The members X n,m of a given family of number sequences {X n,m }, m ∈ Z and n ∈ N, obey the general recursive relation
and are subject to the identity
Proof. The proof of (2.9) utilizes (2.6) for m → m − n + 1 and m → m − n, yielding
and
respectively, where in the last step l → l − 1 was used. Subtracting both identities and observing that (l + 1)
which, after a change of the summation variable l → l + 1, yields (2.9). In a similar fashion, (2.10) is a direct consequence of subtracting equations (2.6) and (2.7) in Lemma 2.2. Equation (2.9) in Proposition 2.3 provides general linear recursions in m ∈ Z for X n,m . The form of these recursions depends on n, and contains an increasing number of terms for increasing n. Specifically, for any given n, (2.9) expresses X n,m in terms of X n,m ′ with m ′ ∈ [m − n, m − 1]. Based on these recursions, using the generating function approach, we can deduce explicit identities which express X n,m and X n,−m for m ≥ n, in terms of X n,m ′ with m ′ ∈ [0, n − 1] and m ′ ∈ [−n + 1, 0], respectively: Corollary 2.4. For any given family of number sequences {X n,m }, the following identities hold
for all n ∈ N and m ∈ Z with m ≥ n.
Proof. We start with (2.9) for m + 1 → m
and define the general generating function
for arbitrary z ∈ R, z = 0. Multiplication of X n,m with z m and summation over m ≥ n yields after lengthy yet straightforward manipulations
where in the last step, for each m, we appropriately reordered terms occurring in the third sum. Collecting coefficients for any given m ≥ n and observing that
we obtain (2.11). Equation (2.12) can be shown in a similar fashion.
Finally, equation (2.9) also allows to deduce a number of general identities the number sequences X n,m of any given family must obey. Specifically, we have Corollary 2.5. For n, p, q ∈ N, n ≥ p + 1 with p ≥ 1, 0 ≤ q < p and m ∈ Z, the sequences X n,m of any given family of number sequences {X n,m } are subject to the following identities:
Proof. We first show that (2.13) is valid for the special case q = 0, i.e.
This can be shown by induction in p. From (2.9), considering X n,m , after change of the summation variable l → l + 1 and observing that (−1) 2n+1 n n ≡ −1, we have
which yields for n → n − 1 ≥ 1 and arbitrary m
and for m → m − 1
Subtracting the last two identities yields
where in the first step the summation variable of the first sum was changed according to l → l − 1, and n−1 l−1 + n−1 l = n l was used. This proves (2.13) for the special case q = 0 for p = 1. Assuming now (2.13) is true for q = 0 and a given p ≥ 1, we have for n → n − 1
Subtracting the last two equations, we obtain after manipulations similar to the p = 1 case above
thus proving (2.13) for q = 0 and p + 1.
Identity (2.13) for 0 < q < p can be shown by induction in q. Above we demonstrated the validity of (2.13) for q = 0 and all p ≥ 1. Assuming now that (2.13) is true for a given q ≥ 0 and all p ≥ q + 1, we obtain for n → n − 1 and m → m − 1
where the binomial identity n l = n n−l n−1 l was utilized, thus proving (2.13) for q + 1 ≤ p, i.e. q < p.
Identity (2.14) can be shown in an equivalent fashion through induction in p, utilizing (2.9) and (2.13).
We finally note that the recursive relation (2.9) and identities listed in Corollaries 2.4 and 2.5 are general and hold for each family of number sequences {X n,m }, thus suggesting that all families constructed from number sequences of the form (2.2) are governed by identical relationships between their sequences. In the next Section, we will elaborate on this property, and briefly consider two simple examples, before illustrating the application to Fibonacci numbers in Section 4.
Two Simple Examples of Families of Number Sequences
3.1. The Family of Power Sequences. Let x n,l = c = const ∈ R. In this case, we have
The first few members of this family, for c = 0, are listed in Table 1 . With the results presented in the previous Section, we can immediately formulate Corollary 3.1. The family of power sequences X n,m = (m + c) n obeys for all c ∈ R 
for all n, m ∈ N with m ≥ n, and
for all n, p ∈ N with n ≥ p + 1, p ≥ 1 and m ∈ Z.
Proof. All identities in Corollary 3.1 are a direct consequence of Lemmata 2.1 and 2.2, Proposition 2.3 and Corollaries 2.4 and 2.5, using (3.1) and (3.2).
We note that Corollary 3.1 yields a number of interesting combinatorial, in particular binomial, identities and their generalizations. Specifically, for c = 0, Gould (1.13), (1.14) and (1.47) are recovered [10] . Furthermore, for any fixed n, X n,m yields the sequence of nth powers of subsequent integers m. The third relation in Corollary 3.1, for c = 0, provides then the general form of the nth-order linear homogeneous recursions in m with constant coefficients for such sequences:
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Proof. All identities in Corollary 3.2 are a direct consequence of Lemmata 2.1 and 2.2, Proposition 2.3 and Corollaries 2.4 and 2.5, using (3.1) and (3.2) and the Pochhammer identity l(lm + 1) n = (lm) n+1 /m valid ∀m ∈ Z.
As in the case of the family of power sequences, for any given n, the relations listed in Corollary 3.2 provide links between Pochhammer numbers (m) n for different m. Specifically, the third identity yields the general linear recursive rule for sequences defined by (m + 1) n for any fixed n:
valid ∀m ∈ Z. Restricting again to m ≥ 0, n = 2 yields the sequence of Oblong numbers a m = m(m + 1) [15] , subject to the recursion We note that already for n = 2 and n = 4, the recursions obtained here differ in form from those provided in OEIS [11] for the corresponding sequences.
The Family of k-generalized Fibonacci Numbers
In the remainder of this contribution, we will apply the general results presented in Section 2 to a less trivial case, namely the generalized Fibonacci sequences defined in (1.9). To that end, we set
from which, using (1.8), immediately follows that
Furthermore, noting that cos lπ n+1 , l ∈ [0, n] are the zeros of Chebyshev polynomials of the second kind U n (x), we have
where the orthogonality relations for Chebyshev polynomials were used. The first members of the family of sequences formed by (4.2) are visualized in Table 3 . Specifically, the second column m = 1 contains the original Fibonacci sequence F n , equation (1.1), and the third column m = 2 the sequence of Pell numbers P n , equation (1.2), for n ≥ 1. While individual columns yield subsequent sequences of generalized Fibonacci numbers, each row, for fixed n, generates new integer sequences whose elements are all generalized Fibonacci numbers. Specifically, for n = 2, we obtain, for m ≥ 0, the sequence a m = m 2 + 1 [18] , for n = 3 the sequence a m = m 3 + 2m [19] and for n = 4 the sequence a m = m 4 + 3m 2 + 1 [20] . In general, for any given n ∈ N, integer sequences are obtained whose explicit form is given in terms of Fibonacci polynomials (e.g., see [6] ), polynomials of nth order in the sequence index m of the form 
for all n ∈ N and m ∈ Z.
Proof. Both identities are a direct consequence of (2.6) and (2.7), using (4.2) and (4.3). 
which, for m = 1, yields 
for all m ∈ Z.
Proof. Both identities are a consequence of (2.9) and (2.10), using (4.2) and (4.3). Relation (4.10) can be directly obtained also from (4.6).
We note that equation (4.10) is a special application of (4.6), which for m = −1 yields
∀n ∈ N, complementing (4.8) above. Interestingly, (4.9) allows to construct, for any given n, general recursive relations in m for generalized Fibonacci numbers F (m) n : 
∀n, m ∈ N with m ≥ n, and
for all n, p ∈ N with n ≥ p + 1, p ≥ 1, 0 ≤ q < p and m ∈ Z.
Proof. The first two identities are a direct consequence of (2.11) and (2.11), the last two can be shown with (2.13) and (2.14), using (4.2) and (4.3).
We note that Propositions 4.1 to 4.3 provide a number of identities which interlink the set of generalized Fibonacci sequences defined in (4.2). Specifically, the defining recursive relations in n, equation (1.9), for generalized Fibonacci numbers allow to express each F , m ′ = m for any given n. Combining both sets of identities, we arrive at linking all members of the family of generalized Fibonacci numbers.
Concluding Remarks
In this contribution, we investigated general properties of number sequences generated through products of the form (1.7). We found several identities and recursive relations which interlink such sequences and suggest their classification in terms of families (Definition 1.1). Although the families studied here as examples describe different integer sequences, such as Pochhammer numbers, powers of integers or generalized Fibonacci numbers, we find that each of these families is subject to the same set of identities which, in some cases, generalize interesting relations between these known sequences.
The examples presented here constitute but a small set of potential applications. For instance, q-Pochhammer sequences and sequences produced by products of Pochhammer numbers are obtained for x n,l = a l , a ∈ R and x n,l = l a , a ∈ Z, respectively. The general relations listed in Section 2 apply in these cases, and provide a number of identities obeyed by the corresponding sequences. By setting x n,l = −2 √ q cos lπ n + 1 we obtain, with (1.5), general Lucas sequences [21] , i.e.
For appropriate m and q, interesting identities, such as grandma's identity [22] , signed bisections of Fibonacci sequences and relations interlinking powers of Fibonacci numbers, are obtained. The study of these relations, their potential generalization and application to other families of number sequences might provide novel and potentially useful insights into properties shared by qualitatively different number sequences.
